Abstract. Let X be a resolving subcategory of an abelian category. In this paper we investigate the singularity category Dsg(X ) = D b (mod X )/K b (proj(mod X )) of the stable category X of X . We consider when the singularity category is triangle equivalent to the stable category of Gorenstein projective objects, and when the stable categories of two resolving subcategories have triangle equivalent singularity categories. Applying this to the module category of a Gorenstein ring, we characterize simple hypersurface singularities of type (A 1 ) as complete intersections over which the stable categories of resolving subcategories have trivial singularity categories. We also generalize several results of Yoshino on totally reflexive modules.
Introduction
One of the most classical subjects in representation theory of algebras is the study of a stable equivalence of selfinjective algebras, i.e., a triangle equivalence between the stable categories of finitely generated modules over those algebras. This is extended to (infinite-dimensional) Iwanaga-Gorenstein rings [30] under restriction to Cohen-Macaulay modules; a stable equivalence of Iwanaga-Gorenstein rings is a triangle equivalence between the stable categories of Cohen-Macaulay modules over those rings.
Let R be a noetherian ring. The singularity category of R is by definition the Verdier quotient
where mod R denotes the category of finitely generated R-modules, D b (−) the bounded derived category and K b (−) the bounded homotopy category. The singularity category D sg (R) is a triangulated category, which is also called the stable (stabilized) derived category, triangulated category of singularities and singular derived category. This has been introduced by Buchweitz [23] in the 1980s, and in recent years it has been related to the mirror symmetry by Orlov [44] . A lot of studies on singularity categories have been done in various approaches; see [20, 24, 26, 32, 37, 39, 42, 45, 48, 53, 54, 57] for instance. A celebrated theorem of Buchweitz [23] shows that if R is an Iwanaga-Gorenstein ring, then the stable category of Cohen-Macaulay R-modules is triangle equivalent to the singularity category of R. Thus, a stable equivalence of Iwanaga-Gorenstein rings is extended to arbitrary noetherian rings as a triangle equivalence between their singularity categories, which is called a singular equivalence.
Let C be an additive category with pseudokernels [4] . We denote by mod C the category of finitely presented right C-modules, which is a full subcategory of the functor category of C and turns out to be an abelian category with enough projective objects. This category has been introduced by Auslander [4] , and in a series of papers [9] [10] [11] [12] [13] [14] Auslander and Reiten have established a lot of deep studies on this category. The notion of singular equivalences of noetherian rings is further extended to additive categories C by using mod C as follows: We take the Verdier quotient
and call this the singularity category of C. We say that two additive categories C, C ′ are singularly equivalent if there exists a triangle equivalence D sg (C) ∼ = D sg (C ′ ). Thus, one of the most natural and fundamental questions is to ask when given two additive categories are singularly equivalent.
We say that C is regular (respectively, Gorenstein) if every object of mod C has finite projective dimension (respectively, Gorenstein projective dimension). A regular (respectively, Gorenstein) category C is called of dimension at most n if every object of mod C has projective dimension (respectively, Gorenstein projective dimension) at most n, or equivalently, the nth syzygies in mod C are projective (respectively, Gorenstein projective). Any abelian (respectively, triangulated) category is regular (respectively, Gorenstein) of dimension at most 2 (respectively, 0). Note that C is regular if and only if C is singularly equivalent to the zero category 0, that is, D sg (C) ∼ = 0. Beligiannis [21] shows that if C is Gorenstein of dimension at most n for some n ≥ 0, then D sg (C) is triangle equivalent to Gproj(mod C), which is a generalization of the theorem of Buchweitz stated above. Here, for an abelian category A with enough projective objects, Gproj A stands for the full subcategory of Gorenstein projective objects of A. This is a Frobenius category, and its stable category Gproj A is a triangulated category [21] .
A full subcategory of an abelian category with enough projective objects is called resolving if it contains the projective objects and is closed under direct summands, extensions and kernels of epimorphisms. This notion has been introduced by Auslander and Bridger [7] to prove that the category of totally reflexive modules is a resolving subcategory of the category mod R of finitely generated modules over a noetherian ring R. The category CM(R) of maximal Cohen-Macaulay modules over a Cohen-Macaulay local ring R is also a resolving subcategory of mod R, and there are many other important subcategories known to be resolving. The studies of resolving subcategories have been done widely so far; see [2, 15, 16, 28, 29, 40, 47, [49] [50] [51] [52] 56] for example. For a resolving subcategory X of an abelian category A, let X = X / proj A be the stable category of X . Then X has pseudokernels, and hence mod X is an abelian category with enough projective objects [16] . In fact, X still has pseudokernels even if one removes the assumption that X is closed under direct summands and extensions. So we define a quasi-resolving subcategory to be a full subcategory containing the projective objects and closed under finite direct sums and kernels of epimorphisms. A resolving subcategory is none other than a quasi-resolving subcategory closed under direct summands and extensions. Now, we recall the following two facts. The first one is implicitly given by Auslander and Reiten [9] , while the second one is essentially obtained by Yoshino [56] , based on [16] (see also [22, 36, 38] ). Theorem 1.1 (Auslander-Reiten) . Let A be an abelian category with enough projective objects. Let X be a quasi-resolving subcategory of A. Suppose that every object in X has projective dimension at most n in A. Then X is regular of dimension at most 3n − 1.
Theorem 1.2 (Yoshino).
Let A be an abelian category with enough projective objects. Let X be a quasiresolving subcategory of A. Suppose that X is contained in Gproj A and closed under cosyzygies. Then X is Gorenstein of dimension at most 0, that is, mod X is a Frobenius category.
Motivated by these two theorems, in this paper we first study stable categories of quasi-resolving subcategories. To be more precise, we shall establish a Gorenstein analogue of Theorem 1.1 which extends Theorem 1.2. Let X be a quasi-resolving subcategory of an abelian category A and n ≥ 0 an integer. Denote by Ω n X the full subcategory of A consisting of nth syzygies of objects in X . We introduce the following condition.
(G n ) Ω n X is contained in Gproj A and closed under cosyzygies.
A typical example of a quasi-resolving subcategory satisfying (G n ) is the full subcategory of objects of Gorenstein projective dimension at most n. Every resolving subcategory over a local complete intersection R satisfies (G n ) for A = mod R and n = dim R. We shall obtain the following theorem. Theorem 1.3. Let A be an abelian category with enough projective objects. Let X be a quasi-resolving subcategory of A satisfying the condition (G n ). Then Ω n X = X ∩ Gproj A holds. Denote this by Y.
(1) X is Gorenstein of dimension at most 3n, and there is a triangle equivalence D sg (X ) ∼ = Gproj(mod X ).
(2) Y is a Frobenius subcategory of Gproj A, and Y is a triangulated subcategory of Gproj A. The first assertion of Theorem 1.3(1) is a Gorenstein analogue of Theorem 1.1, and letting n = 0 recovers Theorem 1.2. In relation to this result, we also consider when the condition Ext >n R (X , R) = 0 is equivalent to the condition Ext >3n mod X (mod X , proj(mod X )) = 0 for a resolving subcategory X of modules over a commutative ring R. For n = 0 the latter condition is nothing but the condition that mod X is quasi-Frobenius (in the sense of [56] ), and we can recover [56, Theorem 4.2] . One also obtains a characterization of Gorenstein local rings R in terms of modules over the stable category mod R, whose artinian case is none other than [56, Corollary 4.3] .
The second assertion of Theorem 1.3(1) clarifies the structure of the singularity category D sg (X ); for example, each object of D sg (X ) turns out to be isomorphic to a shift of an object in mod X . This is a key to deduce the remaining assertions in Theorem 1.3.
Using Theorem 1.3(4) one can obtain various singular equivalences. For example, let X be a quasiresolving subcategory of A with Ω n X ⊆ Gproj A ⊆ X for some n ≥ 0, e.g., the category of objects of Gorenstein projective dimension at most n. Then X is singularly equivalent to Gproj A. In particular, if R is a commutative Gorenstein local ring and X is a quasi-resolving subcategory of mod R containing CM(R), then X and CM(R) are singularly equivalent. If R is moreover a complete intersection, then X is singularly equivalent to X ∩ CM(R) for all resolving subcategories X of mod R. Combining this with a classification of resolving subcategories given in [50] yields that if R is an isolated hypersurface singularity, then X is singularly equivalent to either CM(R) or the zero category 0, so there are only at most two singular equivalence classes.
We are thus interested in asking when R admits exactly one singular equivalence class. More precisely, for a resolving subcategory X of mod R we consider when X is singularly equivalent to 0, or equivalently, when X is regular. We shall prove the following theorem, which gives a characterization of the (A 1 )-singularities in terms of the regularity of stable categories of resolving subcategories. Theorem 1.4. Let R be a d-dimensional nonregular complete local ring with algebraically closed residue field k of characteristic zero. Then the following are equivalent.
(1) R is Gorenstein, and CM(R) is regular.
(2) R is a complete intersection, and X is regular for every resolving subcategory X of mod R. (3) R is a complete intersection, and X is regular for some resolving subcategory X of mod R that contains a module of maximal complexity. (4) R is a simple hypersurface singularity of type (A 1 ), namely,
When one of these conditions is satisfied, CM(R) is regular of dimension at most 0, namely, mod CM(R) has global dimension 0.
If an additive category C is regular of dimension at most n for some n ≥ 0, then C is regular by definition. In view of Theorem 1.4, as of independent interest, we also consider when the converse of this statement holds for C = X . The paper is organized as follows. In Section 2, for later use we state several fundamental results on the structure of modules over the stable category of a subcategory of an abelian category. In Sections 3 and 4, we compare many kinds of conditions on quasi-resolving subcategories. The first assertion of Theorem 1.3 is shown in this section. In Section 5, we study singular equivalence of the stable categories of resolving subcategories, and give proofs of the remaining assertions of Theorem 1.3. In Section 6, we consider when the stable category of a resolving subcategory is regular, and prove Theorem 1.4.
Convention. Throughout this paper, unless otherwise specified, we use the following convention: All subcategories are assumed to be strictly full (i.e., full and closed under isomorphism). Let A be an abelian category with enough projective objects, and denote by proj A the full subcategory of projective objects of A. Let Ab and 0 stand for the category of abelian groups and the zero category, respectively. Let R be a commutative noetherian ring, and denote by mod R the category of finitely generated Rmodules. All R-modules in this paper are assumed to be finitely generated. A maximal Cohen-Macaulay module is simply called an MCM module. When R is a Cohen-Macaulay local ring, CM(R) stands for the full subcategory of mod R consisting of MCM modules over R.
Modules over stable categories
In this section we give several fundamental results on the structure of modules over the stable category of a subcategory of A. Most of the results are given in [9] [10] [11] [12] [13] [14] 16] and [56] at least essentially, but we give proofs for the convenience of the reader. Let us begin with recalling the definition of a stable category. Definition 2.1. (1) For two objects M, N of A we define the stable hom-set as the quotient group
, where P A (M, N ) consists of all morphisms from M to N that factor through objects in proj A. For A = mod R, we simply write Hom R (M, N ) for Hom A (M, N ). (2) Let X be a subcategory of A containing proj A. Then the quotient category X := X / proj A is called the stable category of X ; the objects of X are the same as those of X , and the hom-set Hom X (M, N ) of M, N ∈ X is defined as Hom A (M, N ). Hence X is a full subcategory of A.
The following lemma is given in the case where A = mod R by [56, Lemma 2.7] , whose proof uses Auslander transposes of modules and does not work for general abelian categories A.
The left-exactness of the functor Hom shows that the induced sequence
HomA(X,g)
is exact. Let u : X → B be a morphism in A such that u is in the kernel of Hom A (X, g) : Hom A (X, B) → Hom A (X, C). Then gu is the composition of some morphisms a : X → P and b : P → C in A, where P is a projective object in A. There is a morphism c : P → B with gc = b. Hence g(u − ca) = gu − gca = gu − ba = 0, and we find a morphism d :
(2) By the left-exactness of Hom the induced sequence
HomA(g,X)
is exact. Let u : B → X be a morphism with u ∈ Ker Hom A (f, X). Then uf is the composition of some morphisms a : A → P and b : P → X with P ∈ proj A. Since Ext 1 A (C, proj A) = 0, the map Hom A (f, P ) is surjective, and there exists a morphism c : B → P such that cf = a. We have (u − bc)f = 0, and find a morphism d : C → X with u − bc = dg. It follows that u = dg ∈ Im Hom(g, X).
Next, we recall the definition of the category of finitely presented modules over an additive category. Definition 2.3. Let C be an additive category. Denote by Mod C the functor category of C, that is, the objects are additive contravariant functors from C to Ab, and the morphisms are natural transformations. An object and a morphism of Mod C are called a (right) C-module and a C-homomorphism, respectively. A C-module F is said to be finitely presented if there is an exact sequence
in the abelian category Mod C with X, Y ∈ C. The full subcategory of Mod C consisting of finitely presented C-modules is denoted by mod C. This is sometimes called the Auslander category of C.
Remark 2.4. (1) For each X ∈ C the functor Hom C (−, X) is a projective object of mod C, and conversely, any projective object of mod C is isomorphic to a direct summand of Hom C (−, X) for some X ∈ C. Yoneda's lemma asserts that the assignment X → Hom C (−, X) makes a fully faithful functor
This is called the Yoneda embedding of C. Thanks to this, any C-homomorphism Hom C (−, X) → Hom C (−, Y ) can be described as Hom C (−, f ) for some morphism f ∈ Hom C (X, Y ). (2) It is said that C has pseudokernels if for each morphism f : X → Y in C there exists a morphism g : Z → X in C such that the induced sequence
is exact. This condition is equivalent to saying that mod C is abelian; see [5, Chapter III, §2] .
Here we recall the definition of the syzygies of an object in an abelian category.
Definition 2.5 (cf. Definition 3.1). Let M be an object of A, and let n be a positive integer. Let f : P → M be a right (proj A)-approximation, which is by definition a morphism such that every morphism from an object in proj A to M factors through f . Then the kernel of f is called the first syzygy of M and denoted by ΩM . The nth syzygy Ω n M of M is defined inductively as Ω(Ω n−1 M ). We put Ω 0 M := M . For a subcategory X of A we denote by Ω n X the subcategory of A consisting of all nth syzygies. Note that Ω n X contains proj A for n > 0.
Remark 2.6 (cf. Remark 3.2). Let M be an object of A, and let n be a positive integer.
(1) Since A is assumed to have enough projective objects, the nth syzygy of M exists, and one has an exact sequence
2) By Schanuel's lemma, the nth syzygy of M is uniquely determined up to projective summands, whence in the stable category A it is uniquely determined up to isomorphism. Now we show the proposition below, which induces from each short exact sequence in A a long exact sequence in a functor category.
(1) There is a sequence
of morphisms in A such that one can form a short exact sequence from any consective two morphisms (consisting three objects) by adding some projective object to the middle object. (2) Let X be a subcategory of A containing proj A. One has an induced long exact sequence in Mod X :
Proof.
(1) Taking a surjection π : P → C with P ∈ proj A and making the pullback diagram of g and π, we get an exact sequence
Iterating this procedure gives rise to exact sequences 0 → ΩB (
where P ′ , P ′′ , P ′′′ , P ′′′′ , . . . are projective. Thus we obtain a sequence
of morphisms, which is what we want.
(2) Let X ∈ X . Using Lemma 2.2 for the sequence obtained in (1) yields an exact sequence
On the other hand, there is an exact sequence
Let P be a projective object of A, and let α : X → P and β : P → C be morphisms in A. Then we have
A (X, A) such that the following diagram commutes, where the vertical maps are canonical surjections.
Using Lemma 2.2 and diagram chasing, we obtain an exact sequence
Splicing (2.7.1) and (2.7.2) yields an exact sequence as in the assertion.
Let us give the definitions of quasi-resolving and resolving subcategories, which are the main targets studied in this paper. (a) X contains proj A.
(b) X is closed under finite direct sums, that is, for a finite number of objects X 1 , . . . , X n in X the direct sum
A quasi-resolving subcategory X of A is called resolving if X satisfies the following conditions.
(a) X is closed under direct summands, namely, if X is an object in X and Y is a direct summand of
A, if L and N are in X , then so is M . For a subcategory C of A we denote by res C the resolving closure of X , that is, the smallest resolving subcategory of A containing all the objects in C.
Remark 2.9. The notion of a resolving subcategory has been introduced by Auslander and Bridger [7] , but we should remark that in [7] a resolving subcategory is defined to be a quasi-resolving subcategory closed under extensions. In our sense, a resolving subcategory is also assumed to be closed under direct summands.
As a trivial example, the subcategory of A consisting of objects with projective dimension less than n for each 1 ≤ n ≤ ∞ is a resolving subcategory. The catgeory CM(R) of MCM modules over a CohenMacaulay local ring R is a resolving subcategory of mod R. There are a lot of other examples of resolving subcategories; one can find some of them in [49, Example 2.4].
Remark 2.10. Let X be a quasi-resolving subcategory of A.
(1) Let M ∈ A and P ∈ proj A. Then the equivalence M ∈ X ⇐⇒ M ⊕ P ∈ X holds true. Indeed, it is trivial that if M is in X , then so is M ⊕ P . The opposite implication follows from the exact sequence 0 → M (
Then one can choose a morphism g : P → N with P ∈ proj A such that the morphism (f, g) : M ⊕ P → N is an epimorphism. Taking the kernel, one gets a short exact sequence
Note that all of the three objects in this exact sequence are in X .
Finally, we give a structure result on finitely presented modules over the stable category of a quasiresolving subcategory. The following proposition extends the result [56, Proposition 3.3] on module categories to abelian categories. The first assertion is also a generalization of the result [16, Proposition 1.1] on resolving subcategories to quasi-resolving ones.
Proposition 2.11. Let X be a quasi-resolving subcategory of A.
(1) The category mod X is an abelian category with enough projective objects.
(2) For each object F ∈ mod X there exists an exact sequence 0 → A → B → C → 0 in A with A, B, C ∈ X which induces a projective resolution of F in mod X :
A with L ∈ X and P ∈ proj A (see Remark 2.10). By Lemma 2.2(1) this induces an exact sequence
in mod X . Thus X has pseudokernels, and the assertion follows from Remark 2.4(2).
(2) There is an exact sequence
− −− → C → 0 with A ∈ X and P ∈ proj A by Remark 2.10. Applying Proposition 2.7(2) to this short exact sequence, we obtain such an exact sequence as in the assertion.
Remark 2.12. We should remark that mod X is not necessarily abelian. that is, X does not necessarily have pseudokernels, even if it is resolving. (For example, consider the subcategory of mod R consisting of totally reflexive modules in the case where R is not Gorenstein.) This is one of the reasons why we take the stable category X of X and study X rather than X itself.
We recall here the definition of the singularity category of an additive category. Definition 2.13. Let C be an additive category such that mod C is abelian. The singularity category of C is by definition the Verdier quotient
Let X be a quasi-resolving subcategory of A. Then mod X is an abelian category by Proposition 2.11 (1) . So one can define the singularity category D sg (X ) of X .
Several conditions on quasi-resolving subcategories
In this section we compare several conditions on quasi-resolving subcategories, motivated by the work of Yoshino [56] . The point is to investigate the Frobenius subcategory of Gorenstein projective objects, which is invisible in [56] , so that we extend main results of [56] . We also show that one of the conditions makes a certain equivalence of triangulated categories, which plays an important role in later sections.
To state those conditions, we need to recall the definitions of a cosyzygy and a Gorenstein projective object in an abelian category.
Definition 3.1 (cf. Definition 2.5). Let M be an object of A, and let n be a positive integer. Let g : M → P be a left (proj A)-approximation, i.e., a morphism such that any morphism from M to an object in proj A factors through g. Then the cokernel of g is called the first cosyzygy of M and denoted by
For a subcategory X of A we denote by Ω −n X the subcategory of A consisting of all nth cosyzygies. This contains proj A.
Remark 3.2 (cf. Remark 2.6). Let M ∈ A and n > 0.
(1) The nth cosyzygy of M does not necessarily exist, and even if it exists, the induced complex
The nth syzygy of M is not necessarily uniquely determined up to projective summands. Definition 3.3. Let M be an object of A.
(1) The projective dimension of M in A, denoted by pd A M , is defined as the infimum of the integers n ≥ 0 such that there exists an exact sequence
(2) An exact sequence
is again exact for all Q ∈ proj A and the image of ∂ 0 is isomorphic to M . (3) An object admitting a complete resolution is called Gorenstein projective. The subcategory of A consisting of Gorenstein projective objects is denoted by Gproj A. Since Gproj A contains proj A, the stable category Gproj A := Gproj A is defined. (4) The Gorenstein projective dimension of M in A, denoted by Gpd A M , is defined as the infimum of the integers n ≥ 0 such that there exists an exact sequence
Remark 3.4.
(1) A Gorenstein projective object of mod R is called a totally reflexive module. The Gorenstein projective dimension of an object M of mod R is called the Gorenstein dimension (Gdimension for short) of M , and denoted by Gdim R M . (2) Let M be a Gorenstein projective object of A. Then M admits the nth cosyzygy for all n ≥ 1, which is uniquely determined up to projective summands, and the induced complex 
− −− → P . From this we get an exact sequence 0 → P → X ⊕ Y → L → 0, where X, Y are the cokernels of f, g respectively. This exact sequence splits as Ext 1 A (L, P ) = 0. We thus obtain an exact sequence 0 → M → P → X → 0 with Ext
Let us introduce regularity and Gorensteinness for a quasi-resolving subcategory.
Definition 3.5. Let C be an additive category such that mod C is abelian. We say that C is regular (respectively, Gorenstein) if every object of mod C has finite projective dimension (respectively, Gorenstein projective dimension). A regular (respectively, Gorenstein) category C is called of dimension at most n if every object of mod C has projective dimension (respectively, Gorenstein projective dimension) at most n, or equivalently, Ω n (mod C) coincides with proj(mod C) (respectively, Gproj(mod C)).
Here are typical examples of regular and Gorenstein categories.
Example 3.6.
(1) Every abelian category is regular of dimension at most 2.
(2) Every triangulated category is Gorenstein of dimension at most 0. (3) Let Λ be an Iwanaga-Gorenstein ring of (selfinjective) dimension at most n. Then the category proj Λ of finitely generated projective Λ-modules is Gorenstein of dimension at most n.
Proof. Let C be an additive category, and pick F ∈ mod C. There is an exact sequence
(1) Suppose that C is abelian. Then there is an exact sequence 0
in mod C. This shows that F has projective dimension at most 2.
in mod C, whose dual by each projective object of mod C is also exact by Remark 2.4(1) and Yoneda's lemma. Hence this exact sequence gives a complete resolution of F , and so F is Gorenstein projective. (3) One has Ω n (mod Λ) = Gproj(mod Λ) by [30, Theorem 10.2.14]. The assertion follows from this; see also Lemma 6.4 stated later.
Auslander and Reiten [10] implicitly prove the following.
Theorem 3.7 (Auslander-Reiten). Let X be a quasi-resolving subcategory of A. Suppose that every object in X has projective dimension at most n in A. Then X is regular of dimension at most 3n − 1.
We are interested in establishing a Gorenstein analogue of this theorem. For this, we introduce the following condition.
Definition 3.8. Let X be a quasi-resolving subcategory of A, and let n ≥ 0 be an integer. We say that X satisfies the condition (G n ) if Ω n X is contained in Gproj A and closed under cosyzygies. Here, we say that a subcategory Y of Gproj A is closed under cosyzygies provided that if Y is an object in Y, then so is Ω i Y for all i < 0.
From now on we fix a quasi-resolving subcategory X of A and an integer n ≥ 0, and name several statements for convenience.
It is not hard to observe that the implications (A) ⇒ (C) ⇒ (D) and (B) ⇒ (E) hold. In what follows we consider other implications. Before that, we investigate what the condition (A) means. In fact, this condition can be interpreted in several other words. Proposition 3.9. Let X be a quasi-resolving subcategory of A. The following are equivalent for n ≥ 0.
n X has a complete resolution the images of whose differential morphisms are in X .
The implication is obvious.
(2) ⇒ (3): Let M be an object in Ω n X . Then M is Gorenstein projective, and admits a complete 
Hence there is an exact sequence 0 → M ′ → P −2 → M ′′ → 0 with P −2 ∈ proj A and M ′′ ∈ Y. Iterating this procedure gives rise to an exact sequence
A (Ω n X , proj A) = 0, the Q-dual of (3.9.2) is an exact sequence for all Q ∈ proj A. Splicing (3.9.1) and (3.9.2) yields a complete resolution of M , which shows that M is Gorenstein projective, and
The following result shows that (D) implies (E).
Proposition 3.10. Let n be a nonnegative integer, and let X be a quasi-resolving subcategory of
mod X (mod X , proj(mod X )) = 0. Proof. Let F be an object in mod X . By virtue of Proposition 2.11 there is an exact sequence
is isomorphic to the induced complex
by Remark 2.4(1) again. This comes from the short exact sequence 0
The main result of this section is the following theorem, which is a Gorenstein analogue of Theorem 3.7 due to Auslander and Reiten. It not only shows that the implication (A) ⇒ (B) holds, but also establishes an equivalence of triangulated categories which analyzes the strucuture of singularity categories. Theorem 3.11. Let n be a nonnegative integer. Let X be a quasi-resolving subcategory of A satisfying (G n ). Then X is Gorenstein of dimension at most 3n, and there is a triangle equivalence
Proof. The second assertion follows from the first assertion and [21, Corollary 4.13]. So let us show the first assertion. It is obvious that Gproj(mod X ) is contained in Ω 3n (mod X ). Let F be an object in mod X . Proposition 2.11 yields a short exact sequence
in A with A, B, C ∈ X which induces a projective resolution
. We want to show that G is Gorenstein projective. Applying Ω n to (3.11.1), we have an exact sequence
for each i > 0 (or making a dual argument to the proof of Proposition 2.7(1)), we obtain a sequence
of morphisms in A with Ω i C ∈ X for all i ∈ Z and C ∈ {L, M, N } such that any consective two morphisms become a short exact sequence by adding some projective object. Hence we get an exact sequence
of projective objects in mod X . Applying Hom A (−, Y )| X with Y ∈ X , we have an exact sequence
see Remark 2.4(1) and Lemma 2.2(2). Therefore (3.11.2) gives a complete resolution of G, and thus G is a Gorenstein projective object of mod X .
In the rest of this section, we give several applications of our results. First, applying Proposition 3.10 and Theorem 3.11 for n = 0 yields the following corollary, which recovers [56, Theorems 3.5 and 3.7].
Corollary 3.12 (Yoshino) . Let X be a quasi-resolving subcategory of A.
(2) Suppose that X satisfies (G 0 ). Then one has mod X = Gproj(mod X ). In particular, mod X is a Frobenius category, whose stable category is triangle equivalent to D sg (X ).
Recall that a thick subcategory of a triangulated category is by definition a triangulated subcategory closed under direct summands.
Remark 3.13. The above corollary especially says that the following statements hold for a Gorenstein local ring R, where CM(R) := CM(R) is the stable category of CM(R).
(1) Let X be a resolving subcategory of mod R contained in CM(R). Then mod X is a quasi-Frobenius category. (2) Let C be a thick subcategory of CM(R). Then mod C is a Frobenius category.
For each n ≥ 0, denote by Gpd n (A) the subcategory of A consisting of objects having Gorenstein projective dimension at most n. Using Remark 3.4 and Theorem 3.11, we have the following result.
Corollary 3.14.
(1) The subcategory Gpd n (A) of A is resolving and satisfies Ω n (Gpd n (A)) = Gproj A.
The stable category Gpd n (A) is Gorenstein of dimension at most 3n. (4) There is a triangle equivalence D sg (Gpd n (A)) ∼ = Gproj(mod Gpd n (A)).
Next, we apply our theorem to complete intersections. Let R be a local ring with maximal ideal m. We say that R is a complete intersection if its m-adic completion is the residue ring of a regular local ring by an ideal generated by a regular sequence. The complete intersection dimension (CI-dimension for short) of an R-module M , denoted by CIdim R M , is defined as the infimum of the quantities
where R → R ′ ← S runs over the quasi-deformations of R.
← S of homomorphisms of local rings is called a quasi-deformation of R if f is faithfully flat and g is a surjection whose kernel is generated by an S-sequence. The notion of CI-dimension has been introduced by Avramov, Gasharov and Peeva [19] to which we refer the reader for details of CI-dimension.
Corollary 3.15. Let R be a local ring.
(1) Let n be a nonnegative integer. Let X be a resolving subcategory of mod R all of whose objects have CI-dimension at most n. Then X satisfies (G n ). Hence X is Gorenstein of dimension at most 3n, and there is a triangle equivalence D sg (X ) ∼ = Gproj(mod X ). (2) Let R be a complete intersection of dimension d. Let X be a resolving subcategory of mod R. Then X satisfies (G d ). Hence X is Gorenstein of dimension at most 3d, and there is a triangle equivalence
(1) We have Gdim R M ≤ CIdim R M ≤ n for all R-modules M by [19, Theorem (1.4) ]. According to Remark 3.4(1)(2), the subcategory Ω n X of mod R is contained in Gproj(mod R). Since every module in Ω n X has CI-dimension at most 0 by [19, Lemma (1.9) ], it follows from [28, Theorem 4.15] that
holds. In particular, every module M ∈ Ω −1 Ω n X has CI-dimension at most n, and
Iterating this procedure shows that the second condition in Proposition 3.9 is satisfied for A = mod R, and hence X satisfies (G n ). Theorem 3.11 complete the proof of the corollary. 
The converse of Proposition 3.10
In this section we consider when the converse of Proposition 3.10 holds, in other words, when (E) implies (D). We focus on the category of finitely generated modules over a commutative noetherian local ring which is Henselian (e.g. complete). Throughout this section, let R be a Henselian local ring with maximal ideal m and residue field k.
Let S n (respectively, T n ) be the subcategory of mod R consisting of modules M with Ext
There is an intimate relationship between these categories; see [ 
which commutes up to isomorphism, whose horizontal arrows are equivalences and whose vertical arrows are dualities.
The following is the main result of this section, which asserts that (E) implies (D) in a certain setting. Theorem 4.2. Let n ≥ 0 be an integer, and let X be a resolving subcategory of mod R satisfying the following three conditions.
(1) The R-modules of projective dimension less than n are in X . (2) For each R-sequence x = x 1 , . . . , x n the module R/xR belongs to X .
This theorem is proved in five steps. Let us unify the first four steps as one lemma: Lemma 4.3. Let X be a quasi-resolving subcategory of mod R with Ext 3n+1 mod X (mod X , proj(mod X )) = 0 for some n ≥ 0.
(1) Let 0 → Y → E → X → 0 be an exact sequence of modules in X with pd R Y ≤ n and pd R E > n such that X is an indecomposable R-module belonging to S n . Then Ω n E is stably isomorphic to Ω n X. (2) Assume that X is closed under direct summands. Let X be an R-module in X ∩S n with pd R X = n+1.
Then the R-module TrΩ n X is stably isomorphic to a k-vector space. (3) If X is closed under direct summands and extensions, then X ∩ S n contains no module of projective dimension n + 1. (4) Suppose that X is closed under direct summands and extensions. If R/xR belongs to X for all R-sequences x = x 1 , . . . , x n and Ω n+1 (X ∩ S n ) ⊆ T n+1 , then one has Ext n+1 R (X ∩ S n , R) = 0.
Here, we say that two R-modules M and N are stably isomorphic if M ∼ = N in the stable category mod R := mod R of mod R, or equivalently, if M ⊕ P ∼ = N ⊕ Q in mod R for some free R-modules P, Q. Also, for an R-module X we denote the (Auslander) transpose of X by TrX. This is defined to be the cokernel of the map Hom R (φ, R), where φ appears in an R-free presentation F 1 φ − → F 0 → X → 0 of X. This is uniquely determined up to free summands, so uniquely determined up to isomorphism in the stable category mod R. Now let us show the lemma.
Proof of Lemma 4.3.
(1) Taking nth syzygies, we have an exact sequence 0 → Ω n Y → Ω n E f − → Ω n X → 0, and Ω n Y is a free R-module. Proposition 2.7(2) gives rise to an exact sequence
Then F belongs to mod X . As Ω n E is in X , the assumption implies Ext 3n+1 mod X (F, Hom R (−, Ω n E)| X ) = 0. Therefore the map
induced by α is surjective, which shows that the map
is also surjective (see Remark 2.4(1)). Hence there exists a homomorphism g :
Therefore Ω n E is stably isomorphic to a direct summand of Ω n X, and there is an isomorphism Ω n X ∼ = Ω n E ⊕ C in T n . Sending this isomorphism by the nth cosyzygy functor Ω −n , we obtain an isomorphism
in S n by Lemma 4.1. In view of the assumption that E has projective dimension more than n, we observe that X is a nonzero indecomposable object and Ω −n Ω n E is a nonzero object in mod R. As mod R is a Krull-Schmidt category, X is stably isomorphic to Ω −n Ω n E, which yields isomorphisms
be a direct sum decomposition of X into indecomposable modules with pd R X i = n + 1 for 1 ≤ i ≤ a and pd R X i ≤ n for a + 1 ≤ i ≤ b. Since X is closed under direct summands, X i is in X ∩ S n for all i, and TrΩ n X ∼ = TrΩ n X 1 ⊕ · · · ⊕ TrΩ n X a in mod R. Thus we may assume that X is an indecomposable R-module. and the fact that a is an element in m, we easily observe that Y has projective dimension n + 1. Hence we can apply (1) to the short exact sequence aε to get an isomorphism
Applying Ext * R (−, R) to (4.3.1) induces an exact sequence
R (X, R). Since X has projective dimension n + 1, the module Ext n+2 R (X, R) vanishes, which implies that the map β is surjective. Using (4.3.2), we have isomorphisms
According to [41, Theorem 2.4] , the map β is an isomorphism, and hence aExt n+1 R (X, R) = 0. It follows that mExt n+1 R (X, R) = 0, which means that Ext
As Ω n X has projective dimension 1, there is an exact sequence 0 → P 1 → P 0 → Ω n X → 0 with P 1 , P 0 free. It is seen from this that Ext 1 R (Ω n X, R) is stably isomorphic to TrΩ n X. Consequently, the R-module TrΩ n X is stably isomorphic to a k-vector space. (3) Suppose that the subcategory X ∩ S n contains a module X of projective dimension n + 1. Then it follows from (2) that TrΩ n X is stably isomorphic to k ⊕t for some t ≥ 0. As the projective dimension of X exceeds n, the integer t has to be positive. There are isomorphisms
in mod R, where the first isomorphism follows from Lemma 4.1. Since t is positive, X is in X ∩ S n and X is closed under direct summands, the module TrΩ n k is in X ∩ S n . Let e be the embedding dimension of R; note e ≥ 1. Write m = (x 1 , x 2 , . . . , x e ), and take the subideal I = (x 2 1 , x 2 , . . . , x e ). Then m/I is isomorphic to k, which means that there is an exact sequence 0 → k → R/I → k → 0.
As depth R ≥ pd R X = n + 1, we have Ext
Since the subcategory X ∩S n of mod R is closed under extensions, TrΩ n (R/I) belongs to X ∩S n . It follows from [29, Lemma 2.5] that the R-module TrΩ n (R/I) has projective dimension n + 1. Thus one can apply (2) to this module to see that TrΩ n (TrΩ n (R/I)) is stably isomorphic to k ⊕r for some r ≥ 0. As R/I has finite length and depth R ≥ n + 1, we see that R/I is in S n . Lemma 4.1 implies that TrΩ n (TrΩ n (R/I)) is stably isomorphic to R/I. Hence R/I is stably isomorphic to k ⊕r . Using the Krull-Schmidt theorem, we observe that R/I is isomorphic to k as an R-module. Taking the annihilators yields I = m, which is a contradiction. We conclude that X ∩ S n does not contain a module of projective dimension n + 1.
(4) Let X be a module in X ∩ S n . We want to show that Ext n+1 R (X, R) = 0. Since X ∩ S n is closed under direct summands, we may assume that X is indecomposable. According to (3), the R-module X does not have projective dimension n + 1. If pd R X ≤ n, then it obviously holds that Ext n+1 R (X, R) = 0. So we may assume that pd R X ≥ n + 2. The module Ω n+1 X belongs to T n+1 by assumption, and we have grade Ext n+1 R (X, R) ≥ n by [7, Proposition (2.26) and Corollary (4.18)]. Suppose that Ext n+1 R (X, R) = 0. Then the annihilator Ann R Ext n+1 R (X, R) is a proper ideal of R, and one can take an R-sequence x = x 1 , . . . , x n in it. Letting K = K(x, R) be the Koszul complex of R with respect to x, one gets a free resolution
We claim that
is an isomorphism. In fact, since X is in S n , the composition f : Ext
n−1 (R/xR)) is bijective and the map g : Ext
is a zero map, and we see that the injective map g is surjective. Therefore F 1 (X) = gf is an isomorphism. As we assume that Ext n+1 R (X, R) does not vanish, neither does Ext 1 R (X, R/xR), and there exists a nonsplit short exact sequence
of R-modules. By assumption R/xR is in X , and X is closed under extensions. Hence E is also in X . One has pd R (R/xR) = n, and pd R E ≥ n + 2 since pd R X ≥ n + 2. Therefore we can apply (1) to see that Ω n E is stably isomorphic to Ω n X. There is a commutative diagram
R (R/xR, R) with exact rows. The fact that R/xR has projective dimension n implies Ext n+1 R (R/xR, R) = 0, which shows that the map γ is surjective. As Ω n X is stably isomorphic to Ω n E, the module Ext n+1 R (X, R) is isomorphic to Ext Proof of Theorem 4.2. Since X is closed under syzygies, it suffices to deduce that Ext n+1 R (X, R) = 0 for each R-module X in X . The assumption (3) implies that Ω n X is n-torsionfree; see [7, Corollary (4.18) ]. It follows from [7, Proposition (2.21) ] that there is an exact sequence
of R-modules with Z = TrΩ n TrΩ n X such that Y has projective dimension less than n. The assumption (1) shows that Y is in X , and hence so is Z. As Ω n X is in T n , Lemma 4.1 implies that Z is in S n . Thus we have Z ∈ X ∩ S n . Thanks to the assumptions (2) and (3) From now on to the end of this section, we give several applications of Theorem 4.2. The first one is the following corollary, where the assumption on R is satisfied for instance when R is a Cohen-Macaulay local ring with an isolated singularity. (Recall that a local ring R is said to have an isolated singularity if for each nonmaximal prime ideal p of R the local ring R p is regular.) Corollary 4.4. Let R be a d-dimensional Cohen-Macaulay local ring that is locally Gorenstein on the punctured spectrum. Let X be a resolving subcategory of mod R containing the modules of finite projective dimension. Then Ext >d R (X , R) = 0 if and only if Ext >3d mod X (mod X , proj(mod X )) = 0. Proof. The 'only if' part follows from Proposition 3.10. As to the 'if' part, in view of Theorem 4.2, it is enough to prove that Ω d+1 X is contained in T d+1 . We have
Indeed, the first inclusion is obvious. It follows from [31, Theorem 3.8] 
, which implies the equality. As for the second inclusion, let M be an MCM R-module. Then there is an exact sequence 0 → F → N → M → 0 of R-modules such that Ext 1 R (N, R) vanishes and F is free; see [7, Proposition (2.21) ]. This short exact sequence shows that N is an MCM R-module, and we have N ∈ S 1 ∩ T d . Lemma 4.1 implies that ΩM = ΩN is in T d+1 , and thus the inclusion considered follows.
The next application is a characterization of Gorenstein rings. Note that the second condition in the result below corresponds to (B) for n = d. 
A sufficient condition for singular equivalence
In this section we study singular equivalences among stable quasi-resolving subcategories. First of all, let us make the precise definition of singular equivalence.
Definition 5.1. Let C and C ′ be additive categories such that mod C and mod C ′ are abelian. We say that C and C ′ are singularly equivalent if there exists a triangle equivalence
Our main interest is to ask when this is the case for the stable categories of quasi-resolving subcategories. The main result of this section gives an answer to this question. We begin with a proposition. When this is the case, X ∩ Gproj A is closed under extensions.
Proof. It is trivial that (3) implies (1), and we see from Proposition 3.9 that (1) implies (2) . Pick an object M ∈ X ∩ Gproj A. Then M is Gorenstein projective, so we have
If Ω n X is closed under cosyzygies, then Ω −n (Ω n M ) belongs to Ω n X and so does M . This shows that (2) implies (3), and consequently, the conditions (1)- (3) are equivalent.
Suppose that one of the three equivalent conditions is satisfied. Let
A (N, P ) = 0, the pushout diagram of f and g gives rise to an exact sequence
The object P ⊕ N is in X , and so is Ω −1 L since X ∩ Gproj A is closed under cosyzygies. By definition X is closed under kernels of epimorphisms, and hence M belongs to X . As Gproj A is closed under extensions, M is in X ∩ Gproj A. Thus X ∩ Gproj A is closed under extensions.
As an immediate consequence of Proposition 5.2, we have:
Now we state the main result of this section. 
In particular, X and Y are singularly equivalent.
Proof. 
Claim 1. The functor Φ sends Hom
A (−, X)| X with X ∈ X to Hom A (−, Y )| Y with Y = Ω −n Ω n X ∈ Y. Hence one has Φ(proj(mod X )) ⊆ proj(mod Y).
Proof of Claim. Using Proposition 2.7(2) and the fact that Ext

>0
A (Y, proj A) = 0, we have isomorphisms
Therefore there is an isomorphism
It is easy to see from Claim 1 that Φ induces an exact functor mod X → mod Y and a triangle functor
Claim 2. The functor φ is dense.
Proof of Claim. Let G be an object in mod Y. Take a projective presentation Remark 2.4(1) ). Let F be the cokernel of the morphism
As Ω −n Y 0 and Ω −n Y 1 are in Y and hence in X , it is seen that Hom A (−, Ω −n f )| X is an X -homomorphism of projective X -modules, and F belongs to mod X . There is an exact sequence 0
− −− → Y 0 → 0 with P ∈ proj A and Y 2 ∈ Y (see Remark 2.10), which induces an exact sequence 0
shows that there is an exact sequence
Letting H be the cokernel of Hom A (−, f )| X , we observe that H is the (3n)th syzygy of F . Thus H is in Ω 3n mod X , and it is obvious that φ(H) = G. Consequently, φ is a dense functor.
Claim 3. The functor φ is full.
Proof of Claim. Take objects F, G ∈ Ω 3n mod X and a morphism ρ ∈ Hom mod Y (F | Y , G| Y ). There exists an object F ′ ∈ mod X whose (3n)th syzygy is F . Using Proposition 2.11(2), we obtain an exact sequence 0 → X 2 → X 1 → X 0 → 0 of objects in X which induces a projective resolution
By Schanuel's lemma, we may assume that F is the cokernel of Hom A (−, f )| X . Applying the same argument to G, we get two exact sequences
Hence there is a commutative diagram
where
Substituting Ω n X 1 for "−", we observe that h 0 f = gh 1 . Hence the square in the diagram below commutes.
Let ξ : F → G be the induced morphism by this diagram. Then ξ is in Hom mod X (F, G) and we have φ(ξ) = ξ| Y = ρ. This shows that φ is a full functor.
Claim 4. The functor φ is faithful.
Proof of Claim. Let ξ : F → G be a morphism in mod X with F, G ∈ Ω 3n mod X . Suppose that ξ is sent to 0 by the functor φ. Then ξ| Y = 0, which says that the morphism ξ| Y : F | Y → G| Y factors through some P ∈ proj(mod Y). As in the proof of Claim 3, we may assume that F, G have projective presentations
and there is a commutative diagram
We also have an equality h 0 f = gh 1 . Sending the above diagram by the functor φ, we obtain the following diagram in mod Y:
Since P is a projective object of mod Y, the morphism β factors through δ; we find a morphism ε :
Corollary 5.7. Let R be a Gorenstein local ring. Let X be a quasi-resolving subcategory of mod R containing CM(R). Then X and CM(R) are singularly equivalent.
, the assertion follows from Corollary 5.6(1).
Here we give an example of a singular equivalence which is analogous to Corollary 5.7.
Example 5.8. Let R be a d-dimensional Gorenstein local ring. Let mod 0 (R) stand for the category of R-modules that are locally free on the punctured spectrum of R, and set CM 0 (R) = CM(R) ∩ mod 0 (R). Let X be a quasi-resolving subcategory of mod R contained in mod 0 (R) and containing CM 0 (R). Then one has Ω d X ⊆ CM 0 (R) ⊆ X and CM 0 (R) is closed under cosyzygies. Proposition 3.9 implies that X satisfies (G n ), and therefore X is singularly equivalent to CM 0 (R) by Theorem 5.4.
Remark 5.9. In general, the existence of singular equivalences between X and Y for quasi-resolving subcategories X , Y does not imply that there is an inclusion relation between X and Y, as is shown by the example below.
Let R be a Gorenstein local integral domain of Krull dimension at least 2 with unique maximal ideal m. Let X (respectively, Y) be the subcategory of mod R consisting of modules M satisfying m / ∈ Ass R M (respectively, Ass R M ⊆ {0, m}), where Ass R M stands for the set of associated prime ideals of R. Then it is easy to observe that X and Y are resolving subcategories of mod R containing CM(R). In fact, in the bijection constructed in [47, Corollary 8.9 ] the resolving subcategory X (respectively, Y) corresponds to the grade-consistent function f (respectively, g) defined as follows.
It follows from Corollary 5.7 that X and Y are singularly equivalent; they are also singularly equivalent to CM(R). On the other hand, the module R/m is in Y but not in X , and the module R/p is in X but not in Y for any prime ideal p of R different from 0 and m (such a prime ideal exists since R has Krull dimension at least 2). Therefore, X and Y have no inclusion relation.
From now on, we apply our theorem to complete intersection local rings.
Corollary 5.10. Let R be a local ring. Let X be a subcategory of mod R.
(1) Assume that X is resolving and that all modules in X have CI-dimension at most n. Then Ω n X = X ∩ Gproj(mod R) holds, and Ω n X is resolving. One has that X is singularly equivalent to Ω n X . (2) If R is a complete intersection, then res Ω i X and res Ω j X are singularly equivalent for all i, j ≥ 0.
(1) The category Gproj(mod R) consists of totally reflexive R-modules, which is a resolving subcategory of mod R. Hence X ∩ Gproj(mod R) is also a resolving subcategory of mod R. Corollary 3.15 (1) and Theorem 5.4 yield Ω n X = X ∩ Gproj(mod R), and its stable category is singularly equivalent to X . 
For this, we establish a claim.
Claim. For any subcategory C of mod R and any integer n ≥ 0 one has the inclusion
Proof of Claim. Let M be the subcategory of mod R consisting of modules whose nth syzygies are in res Ω n C. Then it is easily seen that M is a resolving subcategory containing C. Hence M contains res C, which deduces the claim.
Let us prove the equality (5.10.1). Since Ω i X is contained in res X , so is res 
, which is contained in res Ω d+i X by the claim. Thus
Remark 5.11. It is not known that finiteness of CI-dimension is preserved by taking extensions; see [43, Remark 5 .1] for example. If this turns out to be true, then the second assertion of Corollary 5.10 will extend to arbitrary local rings R and subcategories X all of whose objects have finite CIdimension, because all modules in res Ω i X will have finite CI-dimension. (The same proof will work by some appropriate replacement; d = dim R should be replaced with depth R, and so on.)
The following result immediately follows from Corollary 5.10(1). This is regarded as a stronger version of Corollary 5.7 for resolving subcategories. Thanks to this result, to classify singular equivalence classes over a complete intersection, one has only to consider resolving subcategories consisting of MCM modules.
Corollary 5.12. Let R be a local complete intersection. Let X be a resolving subcategory of mod R. Then X is singularly equivalent to X ∩ CM(R).
Let R be a local ring with maximal ideal m. Recall that R is called a hypersurface if the m-adic completion of R is isomorphic to the quotient ring of a regular local ring by a principal ideal. Needless to say, any hypersurface is a complete intersection. Over a hypersurface with an isolated singularity, there are at most two singular equivalence classes.
Corollary 5.13. Let R be a local hypersurface with an isolated singularity. Let X be a resolving subcategory of mod R. Then X is singularly equivalent to either CM(R) or 0.
Proof. It follows from Corollary 5.12 that X is singularly equivalent to X ∩ CM(R). As X ∩ CM(R) is a resolving subcategory of mod R contained in CM(R), it is equal to either proj(mod R) or CM(R) by [50, Corollary 6.9(1)]. Hence X ∩ CM(R) coincides with either 0 or CM(R).
Regularity for resolving subcategories and simple singularities
We have learned in Corollary 5.13 that over an isolated hypersurface singularity the stable category X of a resolving subcategory X is singularly equivalent to either CM(R) or 0. So it is natural to ask when X is singularly equivalent to 0. The main purpose of this section is to give an answer to this question.
The global dimension (respectively, finitistic dimension) of A is defined to be the supremum of the projective dimensions (respectively, finite projective dimensions) of objects of A. Let us begin with investigating the relationships of the condition that X is singularly equivalent to 0 with several other conditions, including finiteness of the global dimension of mod X . Proposition 6.1. Let X be a quasi-resolving subcategory of A. Consider the following four conditions.
(1) mod X has finite global dimension. Proof. First of all, note that the condition (2) is equivalent to the equality
It is straightforward to verify the implication.
The implication is trivial. (4) ⇒ (3): Let F be an object in mod X . Using Proposition 2.11(2), we have an exact sequence 0 → A → B → C → 0 in A with A, B, C ∈ X which induces a projective resolution
Since C has finite projective dimension, the nth syzygy Ω n C is projective for some n ≥ 0. Hence the above resolution has length less than 3n.
(2) ⇒ (1): Suppose that X satisfies (G n ). Then Theorem 3.11 yields triangle equivalences
for some n ≥ 0. From this we obtain Ω 3n (mod X ) = proj(mod X ), which implies that mod X has global dimension at most 3n.
(4) ⇒ (1): Assume that A has finitistic dimension m. With the notation of the proof of the implication (4) ⇒ (3), the syzygy Ω m C is projective, whence the length of the resolution is less than 3m.
Thanks to Proposition 6.1, now we know that the stable category of a quasi-resolving subcategory is singularly equivalent to 0 if and only if it is regular. Thus, in the rest of this section we consistently use the terminology of regularity instead of singular equivalence to 0.
Applying Proposition 6.1 to categories of modules over rings, we have the following.
Corollary 6.2.
(1) Let R have finite Krull dimension. Let X be a resolving subcategory of mod R whose objects have finite projective dimension as R-modules. Then mod X has finite global dimension. (2) Let R be a local complete intersection. Let X be a resolving subcategory of mod R. Then X is regular if and only if mod X has finite global dimension.
(1) The finitistic dimension of mod R is at most the Krull dimension of R (see [46, Seconde partie, Théorème (3.2.6)]), so it is finite. Combining this with Proposition 6.1 shows the assertion.
(2) The assertion follows from Proposition 6.1 and Corollary 3.15(2).
The following lemma plays an essential role in the proof of the main result of this section.
Lemma 6.3. Let R be a Gorenstein Henselian local ring. Let X be a quasi-resolving subcategory of mod R contained in CM(R) and closed under cosyzygies. Assume that there exists a nonsplit exact sequence
of R-modules with X, Y, Z ∈ X such that X, Z are indecomposable. If X is regular, then Y is free, and X is isomorphic to ΩZ.
Proof. The short exact sequence σ induces an exact sequence
in mod X ; see Proposition 2.7(2). The functor F belongs to mod X , and it is not isomorphic to 0. Indeed, if F ∼ = 0 in mod X , then there exists a homomorphism h : Z → Y such that gh = 1. So there are homomorphisms α : Z → P and β : P → Z with P a free R-module such that 1 − gh = βα. One has an equality 1 = gh + βα in the local ring End R (Z). Hence either gh or βα is an automorphism, and in each case it is deduced that σ splits. This contradiction shows F ≇ 0 in mod X . Taking advantage of Theorem 3.11, we have
which means that all the objects of mod X are projective. Hence F is a projective object of mod X , which implies that π is a split epimorphism. We establish a claim.
Claim. The morphism π :
Proof of Claim. The claim follows from a similar argument to the proof of [3, Lemma IV.6.5]. Let θ : F → Hom R (−, Z)| X be a splitting of π, i.e., a morphism with πθ = 1. Then θπ : Hom R (−, Z)| X → Hom R (−, Z)| X is represented as Hom R (−, ℓ)| X for some ℓ ∈ End R (Z); see Remark 2.4(1). We have (θπ) 2 = θ(πθ)π = θπ, which shows that Hom R (−, ℓ 2 )| X = Hom R (−, ℓ)| X . Hence ℓ 2 = ℓ, namely, ℓ is an idempotent in End R (Z). Since Z is a nonfree R-module, we have End R (Z) = 0, and End R (Z) is a local ring as Z is indecomposable. Therefore ℓ is either 0 or 1. If ℓ = 0, then θπ = 0, and F = 0 as θ is a monomorphism and π is an epimorphism. So we must have ℓ = 1, which shows that π is an isomorphism.
The claim shows Hom R (−, g)| X = 0, and hence Hom R (−, f )| X : Hom R (−, X)| X → Hom R (−, Y )| X is surjective, and so Y is isomorphic in CM(R) to a direct summand of X. Since X is indecomposable in CM(R), the object Y is isomorphic to either 0 or X in CM(R). Hence the R-module Y is either free or stably isomorphic to X.
Suppose that Y is stably isomorphic to X. Then Hom R (−, Y )| X is isomorphic to Hom R (−, X)| X , and it is seen from [41, Theorem 2.4] that Hom R (−, f )| X is an isomorphism. Let Hom R (−, λ)| X : Hom R (−, Y )| X → Hom R (−, X)| X be a inverse morphism of Hom R (−, f )| X . Then we have λf = 1, which implies that λf + βα = 1 in End R (X) for some homomorphisms α : X → L and β : L → X with L free. Since End R (X) is a local ring, either λf or βα is an automorphism, and in either case the short exact sequence σ splits, which is a contradiction. Consequently, the R-module Y has to be free.
For an object X in an additive category C we denote by add C X (or simply add X if there is no confusion) the additive closure of X in C, that is, the full subcategory of C containing X which is closed under finite direct sums and direct summands. We say that a Cohen-Macaulay local ring R has finite CM-representation type if there exist only a finite number of isomorphism classes of indecomposable MCM modules over R.
Lemma 6.4. Let C be an additive category, and let X be an object of C. Then the assignment F → F (X) makes an equivalence mod(add C X) → mod End C (X). In particular, if R is a Cohen-Macaulay local ring of finite CM-representation type, then CM(R) = add CM(R) G for some MCM R-module G, and one has an exact functor mod CM(R) → mod End R (G) of abelian categories which is an equivalence.
Proof. Let Λ be any ring. Applying [6, Proposition 2.5] to the inclusion {Λ} ⊆ proj Λ shows that the assignment F → F (Λ) makes an equivalence mod(proj Λ) → mod Λ. Note that the assignment M → Hom C (X, M ) makes an equivalence add C X ∼ = proj End C (X). Now letting Λ = End C (X) completes the proof of the first assertion. The second assertion follows from the first assertion and the fact that any equivalence of abelian categories is an exact functor; for instance, see the proof of [1, Proposition 21.4 ].
Let R be a local ring. Recall that M is said to have complexity c, denoted by cx R M = c, if c is the least nonnegative integer n such that there exists a real number r satisfying the inequality β R i (M ) ≤ ri n−1 for all i ≫ 0. It is known that if R is a complete intersection, then the codimension of R is the maximum of the complexities of R-modules. For details on the complexity of a module, we refer the reader to [17, §4.2] .
Let R be a d-dimensional Gorenstein local ring with algebraically closed residue field k of characteristic zero. Then R contains a field isomorphic to k, and it is known that R has finite CM-representation type if and only if R is a simple (hypersurface) singularity [55, §8] , namely, R is isomorphic to a hypersurface
where f is one of the following.
For each T ∈ {A n , D n , E 6 , E 7 , E 8 }, a simple hypersurface singularity of type (T) is shortly called a (T)-singularity.
Now we can state and prove the main result of this section, which characterizes the (A 1 )-singularities in terms of the regularity of stable categories. Theorem 6.5. Let R be a d-dimensional Gorenstein nonregular complete local ring with algebraically closed residue field k of characteristic zero. Then the following are equivalent.
(1) CM(R) is regular.
(2) R is a complete intersection, and X is regular for every resolving subcategory X of mod R. . Then all the nonfree indecomposable R-modules are isomorphic to k. Hence CM(R) = mod R = add mod R (k), and we have mod CM(R) ∼ = mod End R (k) by Lemma 6.4. Note that End R (k) is isomorphic to the field k, whose singularity category is 0. Therefore CM(R) is regular.
Next, let R = k[[x, y]]/(xy). The nonisomorphic nonfree indecomposable MCM R-modules are R/(x) and R/(y), whence Lemma 6.4 implies mod CM(R) ∼ = mod End R (R/(x) ⊕ R/(y)). It is seen by using [55, Lemma (3.9) ] that End R (R/(x) ⊕ R/(y)) ∼ = End R (R/(x)) Hom R (R/(y), R/(x)) Hom R (R/(x), R/(y))
End R (R/(y))
and we have D sg (k × k) = 0. Thus CM(R) is regular.
(2) ⇒ (1): The implication follows by letting X = CM(R). of X, and we find a nonsplit exact sequence 0 → X ′ → E → M → 0. As M and X ′ are MCM, so is E. Applying Lemma 6.3 to X = CM(R), the module X ′ is isomorphic to ΩM . Hence M is isomorphic to a direct summand of Ω −1 X, which shows that CM(R) = add(R ⊕ Ω −1 X).
Therefore R has finite CM-representation type, and is a simple hypersurface singularity by [55, Corollary (8.16) ]. In particular, R is a complete intersection. By assumption CM(R) is regular, and CM(R) contains Ω d k which has maximal complexity (see also [17, Remarks 8.1.1(2)]) (3) ⇒ (4): Let M be an R-module in X that has maximal complexity. Then Ω d M is in X ∩CM(R) and has the same complexity as M . By virtue of Corollary 5.12, replacing X with X ∩ CM(R), we may assume that X is contained in CM(R). It follows from [28, Corollary 4.16] that X is closed under cosyzygies. There exists an indecomposable direct summand N of M having the same complexity as M . Replacing M with N , we can assume that M is indecomposable.
Let X be a nonfree indecomposable module in X , and set c = codim R. Suppose that Ext [18, Theorem III] . The fact that M has maximal complexity forces X to have finite projective dimension by [25, Proposition 2.7] . This contadicts the fact that X is a nonfree MCM module. Hence Ext ℓ R (M, X) = 0 for some 1 ≤ ℓ ≤ c + 1, which implies that there exists a nonsplit exact sequence 0 → X → E → Ω ℓ−1 M → 0.
Note that Ω ℓ−1 M is a nonfree indecomposable module in X . Since X is in X , so is E. Lemma 6.3 shows that X is isomorphic to Ω(Ω ℓ−1 M ) = Ω ℓ M . It follows that the equality
holds, which especially says that X is contravariantly finite in mod R. By virtue of [51, Theorem 1.2], we have X = CM(R). Hence R has finite CM-representation type, and is a simple singularity. In particular, R is an isolated singularity; see [34, Corollary 2].
Let C be a nonfree indecomposable MCM R-module. Take an Auslander-Reiten sequence 0 → τ C → L → C → 0 ending in C; see [55, Theorem (3.2) ]. This is a nonsplit exact sequence of MCM modules with C and τ C indecomposable. Hence we can apply Lemma 6.3 to see that L is a free R-module. Thus for each nonfree indecomposable MCM R-module D there are no irreducible homomorphisms from D to C and no such ones from τ C to D. This means that in the Auslander-Reiten quiver of CM(R) there is no arrow between two vertices different from R. The classification of the Auslander-Reiten quivers of the MCM modules over simple singularities [55, together with [55, Corollary (12.11.3) ] implies that the only simple singularities R where CM(R) possesses such an Auslander-Reiten quiver are (A 1 )-singularities. It now follows that the conditions (1)- (4) in the theorem are equivalent. The last assertion of the theorem is shown in the proof of the implication (4) ⇒ (2) stated above.
Remark 6.6. The condition in Theorem 6.5(3) that X contains a module of maximal complexity cannot be removed. In fact, let R be any nonregular complete intersection local ring. Let X be a resolving subcategory of mod R whose objects have finite projective dimension (e.g., the subcategory consisting of free modules, the subcategory consisting of modules of finite projective dimension, and so on). Then the stable category X is regular by Proposition 6.1. However, of course, R is not necessarily an (A 1 )-singularity. The reason for this is that all modules in X have complexity zero, and R has positive codimension, so X does not contain a module of maximal complexity.
Let R be a simple hypersurface singularity. Theorem 5.4 especially says that CM(R) is not regular unless R is an (A 1 )-singularity. One can actually confirm this for a 1-dimensional (A 2 )-singularity by direct calculation. 
